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We discuss a point, which from time to time has been doubted in the literature: all symmetries,
such as those induced by the energy and momentum conservation laws, hold in quantum physics
not just “on average”, as is sometimes claimed, but exactly in each “branch” of the wavefunction,
expressed in the basis where the conserved observable is sharp. We note that for conservation laws
to hold exactly for quantum systems in this sense (not just on average), it is necessary to assume the
so-called “totalitarian property of quantum theory”, namely that any system capable of measuring
a quantum observable must itself be quantised. Hence, if conservation laws are to hold exactly, the
idea of a ‘classical measuring apparatus’ (i.e., not subject to the branching structure) is untenable.
We also point out that any other principle having a well-defined formulation within classical physics,
such as the Equivalence principle, is also to be extended to the quantum domain in exactly the same
way, i.e., branch by branch.
PACS numbers: 03.67.Mn, 03.65.Ud
In their highly educational book on quantum para-
doxes [1], Aharonov and Rohrlich present the following
quantum effect which they claim has no classical ana-
logue (whence the apparent paradox). A particle in a
box is prepared in one of the allowed eigenstates (with
say n nodes). Then the box is suddenly expanded by
a distance δL = λ/2(1 − ǫ) where ǫ is small (compared
to the unity). The most probable new state will be the
one which has n + 1 nodes, whose wavelength is there-
fore shorter than the original wavelength (by the amount
λǫ/(n + 1)). Aharonov and Rohrlich conclude that, al-
though the expected value of energy does not change
when the box is suddenly expanded, the most likely new
energy is actually higher than the original energy. This,
they claim, cannot happen classically, since, classically,
the particle cannot gain energy by being in an expanding
box (as in the Joule-Thomson effect, [2]).
We would like to argue that this example does not
present the whole picture of energy conservation in quan-
tum theory: the apparent paradox is due to an incom-
plete model, which does not consider quantising the box
itself. There is no paradox after all, as we shall explain,
provided one considers a completely quantum model.
We will discuss and illustrate with examples the general
point that conservation laws in quantum physics (in the
Aharonov and Rohrlich’s example, energy is conserved)
still hold exactly in every branch of the wavefunction,
where by ’branch’ we mean each term in the linear expan-
sion of the wavefunction in the basis where the conserved
quantity is sharp.
This is true also when measurements are involved, pro-
vided that the measuring apparatus is also quantised, in
which case a measurement is just the formation of entan-
glement between the system and the apparatus. (Here-
inafter, by measuring apparatus we shall simply mean
another quantum system that is designed to entangled
itself to the system, in the basis defined by the observ-
able to be measured). Consider an even simpler example,
generalising the Aharonov and Rohrlich apparent para-
dox. Suppose the electromagnetic (EM) field is in an
equal superposition of the vacuum and ten photons state
of light (this might be challenging to prepare, but it is in
principle possible). Upon measuring the number of pho-
tons, we could with probability one half end up with ten
photons. The energy of the field seems to have increased
as a result! Initially it is equal on average to 5~ω and, if
ten photons are detected, it becomes 10~ω. On average,
of course, one obtains the vacuum state (assumed to have
zero energy) half of the times, and so the mean energy
is the same before and after the measurement. So far,
the resolution of the apparent paradox is exactly as in
the above example of Aharonov and Rohrlich: energy is
always conserved on average.
But there is more to quantum energy conservation than
just its average conservation - provided one considers a
fully quantised measuring apparatus. Without any loss of
generality, suppose that the measuring apparatus works
based on the photoelectric effect, in such a way that
each photons excites one electron. When the quantum
measuring apparatus of the photon number is coupled
to the field in that state, that measuring apparatus will
change its energy during the measurement, compensat-
ing exactly the recorded mode energy for the field. Then,
the vacuum state, when coupled to the measuring appa-
ratus, will not excite a single electron, while the ten pho-
ton state will excite ten electrons (which is what later
becomes the signal we observe). The total state of the
light mode plus the measuring apparatus is then:
|0〉|E〉+ |0〉|E + 10e〉 . (1)
The first ket represents the field, which after the mea-
surement is in the vacuum. The second ket represents
2the state of the measuring apparatus, whose energy is
initially assumed to be E, and in the second branch in-
creases by 10e, which denotes the energy of 10 excited
electrons. Hence, the EM field is in the vacuum state in
both branches, but the measuring apparatus has gained
exactly the energy equivalent of absorbing the ten pho-
tons in the second branch. Therefore, in each branch, the
energy is conserved, exactly. This, incidentally, corrob-
orates the idea that a possible approach to quantisation
of classical systems is to take all classical possibilities,
where conservation laws hold exactly, and allow for their
superpositions (as in e.g. the path integral approach, [3]).
Let us consider another example but this time involv-
ing momentum conservation. Imagine a photon going
through a beamsplitter. If it reflects, it changes its mo-
mentum and therefore the beamsplitter has to recoil back
in order to keep the overall momentum conserved. If the
photon goes through, then the beamsplitter does not re-
coil. The total state of the photon and the beamsplitter
is then
|r〉|α − δp〉+ |t〉|α〉 (2)
where |r〉 and |t〉 are the reflected and transmitted states
of the photon and |α − δp〉 and |α〉 the corresponding
states of the beamsplitter. The momentum is again con-
served in each branch. The reason why we can claim
that the photon after the beam-splitter is in a superposi-
tion |r〉 + |t〉 and is not entangled to the beamsplitter is
because the beamsplitter is a well localised macroscopic
object and is therefore not in a momentum eigenstate (in
other words, 〈α − δp|α〉 ≈ 1 for the usual beamsplitter).
This is a well-known result in the theory of reference
frames, [4, 5].
Abstracting from these examples, we would like to ar-
gue that the procedure to generalise all other principles
prescribing conservation of given observables in classi-
cal physics is to consider them as prescribing a branch-
by-branch exact conservation in quantum physics. This
version stipulates that observables are not just conserved
on average (which could misleadingly imply that while in
each run of the experiment the conservation law might
be broken, and that it is only in the limit of a large num-
ber of trials that exact conservation is recovered). In
other words, conservation laws in quantum theory hold
at the level of q-numbered observables: the conservation
of an observable Q of a given system S, represented by
an operator QˆS, is expressed as requiring that all allowed
unitaries USR on the system S and on the rest of the
universe R (here we assume that the rest of the universe
acts as the ultimate measurement apparatus) satisfy the
following constraint:
[QˆS + QˆR, USR] = 0
where QˆR is the operator representing the observable Q
of the rest of the universe.
For conservation laws to hold exactly, therefore, one
has to quantise whatever interacts with the quantum sys-
tem, including the measuring apparatus. This of course
causes the latter to become entangled with the system S,
in accordance with the so-called totalitarian property of
quantum theory, [? ]: anything that couples to a super-
posed quantum object has itself to become entangled to
it, if the coupling is in the superposed basis. [21] This
was emphasised by Schro¨dinger in his famous cat thought
experiment. It also features in all other fully quantum
accounts of the measurement process, starting with von
Neumann, continuing with Wigner and culminating with
Everett, DeWitt and Deutsch, [6–10].
Finally, this point is relevant for an ongoing a discus-
sion, about how to express the Equivalence Principle in
the quantum domain [11–14]. In that context, we have
argued that other principles originally formulated within
a classical theory, such as the Einstein equivalence prin-
ciple, should be extended to quantum systems in exactly
the way outlined above, [15, 16]. Namely, if we have a
spatial superposition in which a massive particle exists
at two locations, then this generates two different gravi-
tational fields at a given distant point (assuming that the
gravitational field is treated quantum-mechanically and
in the first linear order of approximation, so that the
same standards apply as in quantum electrodynamics).
A test particle located at that distant point would then
accelerate in both branches, towards the massive parti-
cle’s respective locations. The state of the initial mass,
the field and the test mass would then be:
|r1〉|g1〉|a1〉+ |r2〉|g2〉|a2〉 (3)
The equivalence principle, which says that the gravita-
tional field is indistinguishable (locally) from accelera-
tion, applies in each of the superposed spatial branches.
This is to be expected since each branch represents a clas-
sical gravitational scenario, where the position observable
is sharp with the respective values. It is of course pos-
sible that this view of the equivalence principle will be
experimentally invalidated (we do not have any exper-
imental evidence in this domain to guide us), however,
our point is that there is no prima facie reason to think
that the equivalence principle is in conflict with quantum
physics (any more than energy conservation is). We men-
tion in passing that this principles underlies our recently
proposed experiment to witness quantum effects in the
gravitational field, [15–17].
Any consistent account of classical conservation laws
and symmetries must be handled in quantum theory by
incorporating all the relevant degrees of freedom so that
the conservation and symmetry become exact, expressed
at the level of q-numbers, or branch-by-branch. This
mandates to include in our models all the relevant en-
tanglements due to the interaction between the system
and the environment, including measurement appara-
tuses. What about effective classical measurement ap-
3paratuses - those that appear not to have the ability to
interfere? As is well-known, the most natural view of the
emergence of classicality in quantum physics is through
decoherence. Decoherence is a process by which a quan-
tum system becomes entangled with its environment to
the degree that it loses the ability to interfere in the ba-
sis in which it is entangled; this is the basis of classical
states since no superpositions are allowed, once decoher-
ence has occurred. This, as we argued, is the only view
of classicality compatible with exact conservation laws
and other principles, such as the equivalence principle,
[15, 18] and even locality [19]. According to decoherence
theory all conservation laws hold exactly providing that
every relevant system is quantised and this includes the
environment that causes decoherence.
In conclusion, we do not see any need to postulate that
conservation laws, symmetries and general classical prin-
ciples hold in quantum physics only on average, so long as
we apply quantum theory consistently with its totalitar-
ian property. Relaxing the laws to hold only on average
is sometimes proposed in the literature as a solution of
apparent paradoxes, which are in fact due to not applying
quantum physics consistently to the measuring appara-
tus. When considering a complete model, which applies
quantisation consistently, such problems evaporate. Still,
there are several outstanding issues. Our discussion after
all is confined within non-relativistic quantum physics. In
quantum field theory, which is the ultimate description
we currently have of fundamental interactions in nature,
it is not entirely clear how to state our quantum version
of classical principles. If for example we are dealing with
the scattering-matrix formalism, then the energy and mo-
mentum conservation laws are a direct consequence of the
Lorentz invariance of the scattering amplitudes [20]. This
agrees with our concept of conservations holding exactly
in every branch. It seems that the formulation of princi-
ples we discussed here is most compatible with the path
integral approach to quantum field theory, since the lat-
ter is based on a coherent quantum sum over all classical
field configurations. Given, however, that there are open
issues with all known field quantisations procedures, we
leave this thought as a seed for a future programme of
research.
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